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Motivation

Liu et al. (2021) investigate the following MIQP
CT T 1 ;
mina z+c x+—-x Qx
X,z 2

st. R"3x12z¢€{0,1}",

where matrix @ is sparse positive definite and x L z represents x;z; = 0 Vi.
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Motivation

Liu et al. (2021) investigate the following MIQP

) 1
mina'z+c'x+=x'Qx
X,z

st. R"3x12z¢€{0,1}",

where matrix @ is sparse positive definite and x L z represents x;z; = 0 Vi.

Solution Strategy
e Decompose x'Qx = }; xTMUx + xT Rx, where each M/ is tridiagonal
e At each iteration, solve unconstrained convex QPs

LT 15

ming' x + —=x Mx
X 2
in strongly linear time O(n).

Question: What QPs are strongly polynomially solvable? Constraints?
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Introduction

Consider a convex quadratic program
min q'x + le/\/lx (QP)
{<x<u 2 ’

where M €SI is symmetric and positive semidefinite (PSD).
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Introduction

Consider a convex quadratic program

1
: T T
Mmin q'x+2x Mx, (QP)
where M €SI is symmetric and positive semidefinite (PSD).

e We allow ¢; = —00 and u; = +00

e Polynomial solvable (in input size)

e If M >0, the QP is strongly polynomially solvable (in dimension n)
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Introduction

Consider a convex quadratic program

ng(igu q'x+ %XTMX, (QP)
where M €SI is symmetric and positive semidefinite (PSD).

e We allow ¢; = —00 and u; = +00

e Polynomial solvable (in input size)

e If M >0, the QP is strongly polynomially solvable (in dimension n)

Goal: Solve (QP) in strongly polynomial time under the assumption that
M is an Hp-matrix.
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Hy-matrices

Comparison matrix

mi1 mi2 M3

mi2 M2 M3
M =

mi3  m3 MmM33

mnn
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Hy-matrices

Comparison matrix

mi
mi2

mi2 mi3
maz  mz3
mi3  m3 MmM33

M =

Ho-matrix': A matrix M is called an Ho-matrix if M > 0.

mi1
N
~[m13]
mnn :

~[m1o|
my2
—|mas|

!There are at least 50 equivalent conditions under which M is an H-matrix!
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Hy-matrices

Comparison matrix
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Ho-matrix': A matrix M is called an Ho-matrix if M > 0.

e M is an Hp-matrix = M > 0.

!There are at least 50 equivalent conditions under which M is an H-matrix!
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Hy-matrices

Comparison matrix

mip mip m3 o ... mir —|mi|  —|mu3]
Moo |2 m22 ms Lo | TImel ma2 o]
mi3 m3 m33 ... —|m13| —|m23| ms33
: : : Mnpn Mnpnp

Ho-matrix': A matrix M is called an Ho-matrix if M > 0.
e M is an Hp-matrix = M > 0.

e M >0 is tridiagonal = M is an Hp-matrix.

!There are at least 50 equivalent conditions under which M is an H-matrix!
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Hy-matrices

Notation. Given a matrix M >0 and «, 5 ¢ [n] :={1,2,...,n}

e submatrix Myg := (Mjj)ica,jes

e the Schur complement of My, > 0: (M/Mya) := Mag — I\/I@a/\/l;éMao—é,
where a = [n]\a.
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Hy-matrices

Notation. Given a matrix M >0 and «, 5 ¢ [n] :={1,2,...,n}
e submatrix MaB = (mij);ea,jeg

e the Schur complement of My, > 0: (M/Mya) := Mag — Ms M;éMao—é,
where a = [n]\a.

Proposition (Operations preserving Hop-property)

Suppose M and N are two Hy-matrices. The following matrices are
Ho-matrices.

e Principle submatrix: My, of M, o € [n]

e Schur complement: (M/M,)

o Nonnegative combination: A\ M + Ao N where A1, A2 >0
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Hy-matrices

[rreducibility

Maa

o Mis reducible <% M = 0 (up to permutation), «, 5 c [n]
0  Mgg

.. . def . .
e M is irreducible <=> M is not reducible
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Hy-matrices

[rreducibility

o Mis reducible <% M = [Maa 0 ] (up to permutation), «, 8 c [n]

0  Mgg

.. . def . .
e M is irreducible <=> M is not reducible

e Recognizing all irreducible blocks of M can be accomplished in O(n?)
complexity

Proposition

If M is an irreducible Hy-matrix, then Rank(M) > n—1.

Key observation: if M is reducible,

1 1 1
. T : T T : T T
min g' x+—=x' Mx = min X+ =X MyoXo+ min Xg+—=Xa Mpggx
ZSXSUq 2 Lo <X <l oo 2 aaata l3<xg<ug q’B B 2 s BB
is separable.
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Hy-matrices

[rreducibility

o Mis reducible <% M = [Maa 0 ] (up to permutation), «, 8 c [n]

0  Mgg

.. . def . .
e M is irreducible <=> M is not reducible

e Recognizing all irreducible blocks of M can be accomplished in O(n?)
complexity

Proposition

If M is an irreducible Hy-matrix, then Rank(M) > n—1.

Key observation: if M is reducible,

1 1 1
R S _ : T LT : T o7
in, AWM=, min, G XMoot i, a3t o Mo

is separable. = assume M is irreducible.
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Parametric principal pivoting algorithm (PPPA)

WLOG, assume M is an irreducible Hp-matrix, £ =0 and v € R". Instead of
directly solving

) 1
min g'x + =x' Mx,
0<x<u 2
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Parametric principal pivoting algorithm (PPPA)

WLOG, assume M is an irreducible Hp-matrix, £ =0 and v € R". Instead of
directly solving

1
min g'x + =x' Mx,
0<x<u 2

PPPA traces the solution path of the parametric problem

1
. T LT
Jmin (g+7p) x+ 5% Mx,

where p >0 and 379 >0 s.t. g+ 7op > 0.
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WLOG, assume M is an irreducible Hp-matrix, £ =0 and v € R". Instead of
directly solving

) 1
min g'x + =x' Mx,
0<x<u 2

PPPA traces the solution path of the parametric problem

1
. T LT
Jmin (g+7p) x+ 5% Mx,

where p >0 and 379 >0 s.t. g+ m9p > 0. Denote

a={i:0<x;<uy}, B={i:x=0}, y={i:xi=u}
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Parametric principal pivoting algorithm (PPPA)
WLOG, assume M is an irreducible Hp-matrix, £ =0 and u € R". Instead of
directly solving
1
min g'x + =x' Mx,
0<x<u 2

PPPA traces the solution path of the parametric problem

1
. T LT
Jmin (g+7p) x+ 5% Mx,

where p >0 and 379 >0 s.t. g+ m9p > 0. Denote

a={i:0<x;<uy}, B={i:x=0}, y={i:xi=u}
Algorithm

e Initialization. o« =y =@,8=[n] and 7 =19 =x*=0
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Parametric principal pivoting algorithm (PPPA)

WLOG, assume M is an irreducible Hp-matrix, £ =0 and v € R". Instead of
directly solving

1
min g'x + =x' Mx,
0<x<u 2

PPPA traces the solution path of the parametric problem

1
. T LT
Jmin (g+7p) x+ 5% Mx,

where p >0 and 379 >0 s.t. g+ m9p > 0. Denote

a={i:0<x;<u}, B={i:x=0}, vy={i:x=u}
Algorithm
e Initialization. o« =y =@,8=[n] and 7 =19 =x*=0
e General iteration. Decrease 7 until 7 =0. At each break point,
implement diagonal or 2 x 2 pivots and update index sets «, 3,7
7 =0 = x* is optimal for the original QP
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Pivoting analysis

0<w=g+7p+Mx+A1Lx2>0

KKT/LCP
0<s=u-x1LA2>0
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Pivoting analysis

0<w=g+7p+Mx+A1Lx2>0

KKT/LCP
0<s=u-x1LA2>0

Rearranging: a={i:0<x;<uj}, B={i:x=0}, ~v={i:x=u}.

0<Xo ==Go — TPa + OW, + Oxg + Osy + OAq Lw, 20
OSW5= (?5—T[35+|:|Wa+(M/MQQ)QBX5+DS,Y+D/\Q+)\5J_ XQZO
0<Ay= O-7py+0Ow, + Oxg +0Sy +0OAg + Wy L 5,20
0<sy= @+ TPo+0OW, + Oxg + Osy + OAq Lw,2>0
OSSﬁ— ug - X3 J_)\,@ZO
0<xy,= uy - s Lwy, 20
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Pivoting analysis

0<w=g+7p+Mx+A1Lx2>0

KKT/LCP
0<s=u-x1LA2>0

Rearranging: a={i:0<x;<uj}, B={i:x=0}, ~v={i:x=u}.

0 <(Xx)= —Go — TPa + OW, + Oxg + Osy + OAq Lw, 20

0 < wgl= 55—7'[35+I:IWQ+(M/MQQ)QBX5+I:IS,Y+D/\Q+/\gJ_ xg >0

0<\y|= O-7py+0Ow, + Oxg +0Sy +0OAg + Wy L 5,20

0<|sa|= @+ TPpa +0OW, + Oxg + Osy + OAq Lw,2>0

OSSﬁ= ug - X3 J_)\ﬁZO

0<|xy )= uy - s Lw, 20
f

Basic variables
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Pivoting analysis

0<w=g+7p+Mx+A1Lx2>0

KKT/LCP
0<s=u-x1LA2>0

Rearranging: a={i:0<x;<uj}, B={i:x=0}, ~v={i:x=u}.

0<Xo ==Go — TPa + OW, + Oxg + Osy + OAq 1Lwa)> 0

OSW5= (?5—T[35+|:|Wa+(M/MQQ)QBX5+DS,Y+D/\Q+)\5J_ XQZO

0<Ay= O-7py+0Ow, + Oxg + OSy + OAg + Wy 1| 54|20

0<sy= @+ TPy +0OW, + Oxg + Osy + OAq Llwy|>0

OSSﬁ— ug - X3 J_)\ﬁZO

0<x,= uy - s Llwy)2 0
f

Non-basic variables
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Pivoting analysis

0<w=g+7p+Mx+A1Lx2>0

KKT/LCP
0<s=u-x1LA2>0

Rearranging: a={i:0<x;<uj}, B={i:x=0}, ~v={i:x=u}.

0< Xo = =Gaf~TPa)+ OW, + Oxg + Osy + OAq Lw, 20
0<wg = Gg|- 7Pg|+ Owa + (M/Myo)papXxs + 0sy + 0o + Ag L x5 >0
0< Ay = O 7py[+Ow, + Oxg +0Sy +0OAg + Wy L 5,20
0<sy= O+ TP+ Ow, + Oxg + Osy + OAq Lw,2>0
OSSﬁ= ug - X3 J_)\,@ZO

0<xy= uy - s Lwy, 20

e Ho-property = p, >0,p, 20,8 > 0.
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Pivoting analysis

KKT/LCP
0<s=u-x1LA2>0

0<w=g+7p+Mx+A1Lx2>0

Rearranging: a={i:0<x;<uj}, B={i:x=0}, ~v={i:x=u}.

0< Xo = =Gaf~TPa)+ OW, + Oxg + Osy + OAq Lw, 20
0<wg = Gg|- 7Pg|+ Owa + (M/Myo)papXxs + 0sy + 0o + Ag L x5 >0
0< Ay = O 7py[+Ow, + Oxg +0Sy +0OAg + Wy L 5,20
0<sy= O+ TP+ Ow, + Oxg + Osy + OAq Lw,2>0
OSSﬁ= ug - X3 J_)\,@ZO
0<xy= uy - s Lwy, 20

e Ho-property = p, > 0,5, >0, > 0.

-4 -
e Ratio test Thew = max{max {—u 1 pi > O} , max{
pi ief

iea
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Pivoting analysis

KKT/LCP
0<s=u-x1LA2>0

0<w=g+7p+Mx+A1Lx2>0

Rearranging: a={i:0<x;<uj}, B={i:x=0}, ~v={i:x=u}.

Xp

e Ho-property = p, >0,p, 20,8 > 0.

. u; + - _ - _
e Ratio test Thew = max{max {_%q, P > O} , max {—% :pi >0
1€

IeEx

pi
0 | €Q— Qpew :Oé\{i}a’)’new:'yu{i}

Shaoning Han (USC) Box-constrained QP with Hp-matrix
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Pivoting analysis

0<w=g+7p+Mx+A1Lx2>0

KKT/LCP
0<s=u-x1LA2>0

Rearranging: a={i:0<x;<uj}, B={i:x=0}, ~v={i:x=u}.
DX[3+DS,Y+D/\ Lwy20

I:IX5+I:I5.Y+EI)\ +wy L 57>0

Oxg + Osy + OAq Lw,2>0
Xg J_)\,@ZO
- 5 Lw,20

e Ho-property = p, > 0,5, >0, > 0.
e Ratio test Thew = max{max {— i ir 9 . pi > O} max{ g 1 pi > 0},0}
iex bi ief p,
° I €Q = Qnew :O‘\{.} ’Vnew:'yu{.}
(M/Maa) #0 = Qpew = U {i}aﬁnew = ﬁ\{’}

o I_Eﬂ—>
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Pivoting analysis

0<w=g+7p+Mx+A1Lx2>0

KKT/LCP
0<s=u-x1LA2>0

Rearranging: a={i:0<x;<uj}, B={i:x=0}, ~v={i:x=u}.

Oxg)+ 0y + O\, Lwy20

Oxg|+ Osy + OAq Lw,2>0
J_)\,@ZO
- 5 Lw,20

e Ho-property = p, >0,p, >0, > 0.

-4 - -
e Ratio test Thew = max{max {— i L pi > O} , max {—% L > 0},0}
pi ief pi

iea

o i €a—> omnew=a\{i}, Tnew=7U{i}
(M/Maoc)ﬁ:’: 0= Qpew = {’T}’ﬁnew = ﬁ\{l_}

ie
°ieb~ (M/Mgya)7=0—2x2 pivot
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Pivoting analysis

Note a={i:0<x;<ui}, B={i:x=0}, ~v={i:xi=u}
Type of pivots

( ) Qpew = O{\{I}_, Ynew =Y U {I_}

(2) Opew = O U_{i}, ﬁnew = ﬁ\{_’}

(3) Brew = B\i}, new =7 U {i} )
(4) Prew = B\{i } Qnew = U {i }\{J} Ynew =7 U {j}
(5) /Bnew /8\{ } U {J} Onew = ¢ U { }\{J}
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(3) Brew = B\i}, new =7 U {i} )
(4) Prew = B\{i } Qnew = U {i }\{J} Ynew =7 U {j}
(5) /Bnew B\{ } U {J} Onew = ¢ U { }\{J}
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Pivoting analysis

Note a={i:0<x;<u}, B={i:x;=0}, ~v={i:xi=u}
Type of pivots

(1) Qnew = a\{i}_, Ynew =Y U {’_}

(2) anew =aU{i}, frew = B\{i}

(3) Brew = ﬁ\{} Vnew = ’YU{.} _

(4) Brew = BN}, anew = U {T\{J}, Ynew =7 U {J}

(5) Brew = BT} U{j}, anew = U {T\{J}

Theorem (Pang and Han (2021))

The streamlined PPPA terminates in at most 2n + 2 pivots. Consequently, the
overall complexity of the PPPA is of order O(n®).
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Iteration complexity of PPPA
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Iteration complexity of PPPA

Proof.

(a) No element can escape from ~y
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Proof.
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Iteration complexity of PPPA

Proof.

(a) No element can escape from ~

(b) Except (1), all pivots lead to one element departing from /8

(c) There is only one backward arc due to (5)
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Iteration complexity of PPPA

Proof.

(a) No element can escape from ~

(b) Except (1), all pivots lead to one element departing from /8
(c) There is only one backward arc due to (5)

Note that 2 x 2 pivot (5) is triggered only if

3ie B, (M/Mao)i7=0= Myy(iy.augy is singular
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Iteration complexity of PPPA

Proof.

(a) No element can escape from ~

(b) Except (1), all pivots lead to one element departing from /8
(c) There is only one backward arc due to (5)

Note that 2 x 2 pivot (5) is triggered only if

3ie B, (M/Mao)i7=0= Myy(iy.augy is singular
= Qnew = [”]\{./_}7 Bnewz{j}a Tnew = & (Rank(M) =n-1)
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Iteration complexity of PPPA

Proof.

(a) No element can escape from ~

(b) Except (1), all pivots lead to one element departing from /8
(c) There is only one backward arc due to (5)

Note that 2 x 2 pivot (5) is triggered only if

3ie B, (M/Mao)i7=0= Myy(iy.augy is singular

= Qnew = [n]\{.j_}v Bnew:{j}y Ynew = & (Rank(M) =n-1)
= next pivot must be (1)
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Iteration complexity of PPPA

Proof.

(a) No element can escape from ~

(b) Except (1), all pivots lead to one element departing from /8
(c) There is only one backward arc due to (5)

Note that 2 x 2 pivot (5) is triggered only if

3ie B, (M/Mao)i7=0= Myy(iy.augy is singular

= Olpew = [n]\{f_}v Bnew = {./_}7 Ynew = & (Rank(M) S W= 1)
= next pivot must be (1) = Ynewnew *
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Iteration complexity of PPPA

Proof.

(a) No element can escape from ~

(b) Except (1), all pivots lead to one element departing from /8
(c) There is only one backward arc due to (5)

Note that 2 x 2 pivot (5) is triggered only if

3ie B, (M/Mao)i7=0= Myy(iy.augy is singular

= Qnew = [”]\{]}7 Bnewz{j}a Vnew = & (Rank(M) = n-1)
= next pivot must be (1) = Ynewnew # @ = No more 2 x 2 pivots!
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Iteration complexity of PPPA

Proof.

(a) No element can escape from ~

(b) Except (1), all pivots lead to one element departing from /8
(c) There is only one backward arc due to (5)

Note that 2 x 2 pivot (5) is triggered only if

3ie B, (M/Mao)i7=0= Myy(iy.augy is singular
= Qnew = [”]\{]}7 Bnewz{j}a Vnew = & (Rank(M) = n-1)
= next pivot must be (1) = Ynewnew # @ = No more 2 x 2 pivots!

= Acyclic Graph
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More discussion

Question: Existence of p such that g+ m9p > 07 How to find it?

Shaoning Han (USC) Box-constrained QP with Hp-matrix March, 2022 12/13



More discussion

Question: Existence of p such that g+ m9p > 07 How to find it?

_ Mp =0
«If M=H, ie. M;J-SOViatj,solve{ p1 or Mp=1
Pn =

Shaoning Han (USC) Box-constrained QP with Hp-matrix March, 2022 12/13



More discussion

Question: Existence of p such that g+ m9p > 07 How to find it?

_ Mp =0
«If M=H, ie. M;J-SOViatj,solve{ p1 or Mp=1
Pn =

Tridiagonal case

e Cholesky factorization = O(n?)
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More discussion

Question: Existence of p such that g+ m9p > 07 How to find it?

_ Mp =0
«If M=H, ie. M;J-SOViatj,solve{ p1 or Mp=1
Pn =

Tridiagonal case
e Cholesky factorization = O(n?)

Extension?

o k-weakly quasi-diagonally dominant matrices
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Take home message
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Take home message

e Hy-matrices have many remarkable properties

e Box-constrained convex quadratic programs with Hp-matrices are
strongly polynomially solvable
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Take home message

e Hy-matrices have many remarkable properties

e Box-constrained convex quadratic programs with Hp-matrices are
strongly polynomially solvable

Our paper is available at: https://arxiv.org/abs/2112.03886

Thank You!
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